
Following a short discussion on Twitter, in response to a blogpost by @mathsjem,
I thought I would summarise some key points and misconceptions around func-
tions that often only surface when teaching Core 3.

The challenge is to find a balance when teaching younger pupils: we want them
to work in mathematically correct ways, but we do not necessarily want to over-
burden them with notation and theoretical ideas. The notes here are written for
teachers to digest and debate!

Warm-Up 1

True or false?

• A2 = B 2 =⇒ A = B

• A3 = B 3 =⇒ A = B

• sin A = sinB =⇒ A = B

• tan A = tanB =⇒ A = B

• 2A = 2B =⇒ A = B

• log A = logB =⇒ A = B

For those that are false in general, can you define an interval over which they
are true?

1. Many-to-One Functions Don’t Have Inverses

There is a significant difference between solving equations involving one-to-
one functions and those involving many-to-one functions. Consider these two
for example:

x2 = 9 and x3 = 125.
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The second of these equations only has one solution (well, we can argue about
point later) and we could write:

x3 = 125

⇔ 3
√

x3 = 3p
125

⇔ x = 5.

What we have done on the second line of working is to apply the inverse func-
tion of x3 to both sides of the equation.

The first of the above equations, x2 = 9, causes a lot more problems behind the
scenes. The function f (x) does not have an inverse. Students learn in Core 3
that only one-to-one functions have inverses. A function is one-to-one if the
following condition holds for all x, y in its domain:

f (x) = f (y) =⇒ x = y.

To deal with many-to-one functions carefully, we have to ‘cut’ them into pieces
by considering subsets of the domain where the function is one-to-one. For
f (x) = x2 we could define:

f1(x) = x2, x ≥ 0

f2(x) = x2, x < 0

Each of these is now one-to-one and, consequently, is invertible:

f −1
1 (x) =p

x

f −1
2 (x) =−px

We typically bypass this process of defining different branches of x2 by simply
writing:

x2 = 9

⇔x =±p9

⇔x =±3.

Here, at the second line we have not simply applied an inverse function. (Tech-
nically, we have formed two separate equations using each of the branches of
x2, applied the respective inverse function to each equation, and then recom-
bined the results into a single statement!)
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2. Applying Many-to-One Functions Can Create ‘False Solutions’

Consider solving p
x +1 = x −5.

Algebraically, the only real way to proceed is to square both sides:

⇒ x +1 = (x −5)2.

(Note the deliberate use of the ⇒ here in contrast to the ⇔ used earlier.) Con-
tinuing,

⇔x +1 = x2 −10x +25

⇔x2 −11x +24 = 0

⇔(x −3)(x −8) = 0

⇔x = 3 or x = 8.

Have we found two solutions to the original equation? Well, the chain of logic
can be reversed from these solutions a long way back, but not right back to the
original equation. Checking them by substitution shows us that x = 8 is the
only valid solution. (Remember, as Jo points out in her post, the p symbol
only denotes the positive square root.)

Warm-up 2

True or false?

• A > B =⇒ A2 > B 2

• A > B =⇒ A3 > B 3

• A > B =⇒ sin A > sinB

• A > B =⇒ tan A > tanB

• A > B =⇒ 2A > 2B

• A > B =⇒ log A > logB

Think very carefully about the last one as it often causes students problems in
Core 2, especially with the advent of the logä(ä) button on calculators.

For those that are false in general, can you define an interval over which they
are true?
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3. Monotone Functions and Inequalities

Monotonicity is the key to one-to-one functions: they cannot have turning
points. This is why we can simply take nth roots if n is odd.

When solving inequalities, it is important to know not just if a function is one-
to-one, but also if it is increasing or decreasing.

Writing b for the base of the logarithms, then if b > 1 the function logb(x) is
increasing. But if 0 < b < 1 then logb(x) is decreasing.

When solving problems involving geometric sequences, the following is appro-
priate:

100(0.6)n−1 <1

⇐⇒ 0.6n−1 <0.01

⇐⇒ n −1 > log0.6(0.01)

⇐⇒ n >1+ log0.6(0.01)

⇐⇒ n >10.015 (3dp).

Note the change in the inequality sign at the the third step when we apply a de-
creasing function to both sides. This is also precisely the reason why inequality
signs change when both sides are multiplied by −1.

4. That’s Not Quite All Folks. . .

The Fundamental Theorem of Algebra essentially states that a polynomial equa-
tion of degree n will have n roots (when counted with multiplicity). With quadrat-
ics we are quite used to this: the quadratic formula contains ± and provides two
values (provided the discriminant is positive). But what about our example:

x3 = 125

How should this have three roots? As a real-valued function f (x) = x3 is one-
to-one and we have a unique solution. However, as a complex valued function
f (z) = z3 is many-to-one and we have all the associated issues around dealing
with branches and trying to find multiple inverses! In FP2 students typically
learn these details as they study the nth roots of unity.
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